We propose a modi cation of the interface roughness (IFR) scattering form factor in intersubband transitions. We properly derived a formula for the form factor for IFR scattering in terms of the integrals of the envelope wave functions. This novel form factor is more global nature than the old one (proposed by Ando) and may be suitable for a wide range of applications. In this paper, we calculate and compare the absorption linewidth with the application of the old form factor and novel one. In di erent from previous calculations, with the same surface pro le (∆, Λ), the calculation results the interface roughness scattering absorption linewidth with the application of the new form factor is greater than twice the old one. Our numerical calculations may better explain the experimental results the well-width dependence of intersubband absorption linewidth.
Introduction
Intersubband transitions in semiconductor quantum wells (QWs) have been widely applied to optoelectronic devices, such as quantum cascade lasers [1] [2] [3] [4] and QW infrared photodetectors [5, 7] . The uniqueness of these applications lies in the many degrees of freedom for designing QW active layers and surrounding structures, enabling device operation at various photon energies below the original band gaps of host materials. Here, the main parameters for changing a transition energy in QWs are the well width L and barrier potential V b . Recently, the authors [6] attempted to modify the energy and linewidth of intersubband transitions by the hetero-insertion of a submonolayer into semiconductor quantum wells. The energy and linewidth of an intersubband transition are closely related to each other in optoelectronic device design. In narrow QWs, especially at low temperature, two parameters (L and V b ) also a ect the absorption/emission linewidth, which is usually governed by interface roughness scattering [8] [9] [10] [11] [12] [13] . In other words, the interface roughness scattering plays the dominant role in controlling the linewidth. We proposed an e cient method for individual single-valued estimation of the two parameters of an interface pro le from optical data [14] . We also believe that the IFR scattering is the dominant one in several coexisting scattering mechanisms. So, the interface roughness scattering form factor in intersubband transitions needs to be considered carefully. In previous studies [6, 9, 12] , this form factor is usually calculated through the local value of the wave function at the barrier. This leads to signi cant errors if the calculated value of the wave function at the barrier is inaccurate. In the present paper, we propose a method for the generalized and more accurate calculating the interface roughness scattering form factor. We will derive a formula in which the IFR scattering form factor is to be given in terms of quantities that are insensitive to the values of the wave functions at interface. This form factor will be proper for cases with use of approximate wave functions and with nite barrier model accompanied by the band bending e ect [15, 16] .
The paper is organized as follows. In section 2 below, we brie y present the basic equations for calculating the linewidth of intersubband optical absorption within a microscopic theory and develop formulate the interface roughness scattering form factor in detail. In section 3, we compare the absorption linewidth with the application of the old and new form factor by numerical calculation. Lastly, a summary is given in section 4.
Theoretical calculation . Basic consideration for calculating the linewidth of intersubband optical absorption in QWs
We consider the case when only the ground subband is occupied by electrons and the light energy is close to the energy separation between the two lowest subbands ω ∼ E = E − E in QWs. The absorption of light polarized in the growth direction (z) is proportional to the real part of the dynamical 2D conductivity [17] . This was derived by a microscopic theory of Ando [18, 19] . For single particle excitation, this reads as
Here, e is the elementary charge, is the reduced Planck constant, mz and m * are the out-of-plane and inplane e ective masses of the electron. f is the oscillator strength for the transition E → E . E = E − E is the intersubband energy separation (the ground state and the st excited state). f (E) is the Fermi distribution function. Γ(E) means the full width at half maximum (FWHM) of the Lorentzian lineshape with energy E. Γ(E) is the relaxation rate due to scattering processes given by [9, 12, 20 ]
Here, we only consider the interface roughness scattering in square QWs, so the rst term Γ intra (E) = Γ − intra (E)+ Γ + intra (E) arises from intrasubband transition processes with 
In these expressions, (∆, Λ) are two roughness parameters for well-barrier interfaces, θ is the in-plane scattering angle; (q,q) are the absolute values of in-plane scattering vectors in the intrasubband and intersubband scattering processes, respectively; F ∓ mn are the scattering form factors; ∓ stands for the interfaces z = −L/ and z = +L/ . In many previous studies [6, 9, 12] , those form factors are usually calculated through the local value of the wave function at the barrier. For a symmetric square QW (centered at z = ) of well width L and potential barrier height V , it holds:
The values of F ∓ mn depend on the values of the wave functions at −L/ and L/ . Those values have local nature. This leads to the value of the form factor is incorrect if the determination of the value of the wave function at the barrier inaccurate. To overcome this problem, in the next section, we propose a novel approach for calculation the form factors more accurately.
. The interface roughness scattering form factor
We propose a new form factor formula more global, more reasonable to apply to many di erent types of the potential wells, particularly the types of wells which have to consider to band bending e ects [21] . Beginning from the Schrödinger equation for m state
where V(z) is the e ective con ning potential along the z direction, the most basis case given by
The rst term is the potential barrier. The second term is the Hartree potential which is obtained from the Poisson equation [22] . Multiplying two sides of the equation (2.6) with
In a similar way, the Schrödinger equation for n state as follows
Adding the equations (2.8) and (2.9) side by side, we have
On the other hand, we know that
Thus the equation (2.10) can be rewritten:
Integrating two sides of the equation (2.14) from ∓∞ to z i with − L < z i < L and i = 0, 1, we get
On the other hand 
Replacing the equation (2.16) and (2.17) in the equation (2.15), we obtain
Or we can write the interface roughness scattering transition form factor from the state m to the state n by 
We also note that z i can chose optional, but it must satisfy the conditions
optimal choice is z i = z , z . Here, z is the peak position of the basic wave function, z is a value of the rst excited wave function in the well (V b (z) = ).
The advantages of using this novel transition form factor are -First, this is exact and applicable to bound states in a QW of any potential barrier height V . This is also convenient to calculate in asymmetric QWs. -Second, this is convenient for the use in the case of in nite-barrier QWs since its right-hand side remains de nite, whereas the one in the local representation, Eq. (2.5), becomes inde nite at the ideal limit: V → ∞ and ζm(∓L/ ) → . -Third, this enables a reduction of errors associated with the use of approximate wave functions in realistic QW model, since this involves the integral quantities. -Fourth, this is more convenient in the calculation of sophisticated phenomena, such as dynamic screening by mobile particles, many-body and band bending e ects.
. Calculations for a symmetric quantum well
To illustrate and compare two methods, we particularly do calculation for a symmetric quantum well. We consider the case when only the ground subband in QWs occupied by electrons and the light energy is close to the energy separation between the two lowest subbands ω ∼ E = E − E ( is the induced Planck constant). For a symmetric square QW (centered at z = ) of well width L and potential barrier height V , the wave functions are given as follows [7] . For the ground state,
For the rst excited state, . Figure 1 reveals that the electron gas spreads out the well in all three cases. The larger the width of the quantum well is, the more the electron gas spreads out. The values ζ (−L/ ) are monotonically reduced when L increases because we do not take into account the role of the doping causing band bending. Figure 2 shows the rst excited state wave functions following Eqs. (2.25), (2.26) and (2.27) with the various well widths L = , , . Figure 2 reveals that the value of the wave function ζ (z) at −L/ , ζ (−L/ ) increases when L increase but its amplitude monotonically decreases when L increases because we only consider the symmetric quantum wells.
In this study, we do not take into account the role of the doping causing band bending [12] , so the Hartree potential is contributed only by the electrons in the potential well. We solve the Poisson equation with the boundary conditions for the Hartree potential are such that [15] ∂V
We obtained results for the Hartree potential Here ns is a sheet density of electrons, ε is the dielectric constant of the material in well. So,
(2.29)
Numerical results and discussion
To illustrate the method, the numerical results of the theoretical calculations of the energy broadening and the absorption linewidth are presented in this section. It is worth mentioning that the lineshape described by Eq. (2.1) may be interpreted [19, 23] as superposition of Lorentzian lineshapes with di erent energies distributed following the Fermi function. Therefore, its absorption linewidth γ may be de ned in a good approximation by the average of their FWHMs with a weight f (E), so γ ≈ Γ, where [19] 
The sample used in this calculation was a non-doping Al . Ga . As/GaAs square single quantum well. For numerical calculation, we need to specify the material parameters as input. The material parameters listed in Refs. [8, 12] as follows i) the barrier height: V = meV; ii) the e ective mass: m * c /m = .
, m * b /m = . ; iii) the static dielectric: ε = 12.91; iv) the sheet electron concentration: ns ∼ × cm − for various well widths in the range L = − . At rst, we study the energy broadening due to interface roughness scattering. Fig. 3 shows the calculated energy broadening due to interface roughness scattering as a function of the in-plane kinetic energy E according to Eqs. 2.2, 2.3, 2.4, 2.5 and 2.21. The roughness parameters were chosen: ∆ = , Λ = [9, 24] , the quantum well width is L = . From Fig. 3 , we may draw the following conclusions i) There is only a small di erence the value of Γ inter (E) when done with two di erent approaches ii) The values of Γ intra (E) are signi cantly di erent according to two the di erent approaches. Γ intra (E) according to the new way is found to be much larger than its counterpart. However, both Γ intra (E) (according to two di erent approaches) monotonically decrease when the in-plane kinetic energy (E) is raised.
Next, we investigate the well-width dependence of intersubband absorption linewidth due to interface roughness. In Fig. 4 , we show the calculated linewidth versus well width at low temperature (T =4 K) in the range L = − . We set the roughness parameters: ∆ = , Λ = ; the Gaussian roughness pro le [15] . Fig. 4 shows clearly that, the intersubband absorption linewidth is small. The intrasubband absorption linewidth causes a signi cant contribution on the e ective absorption linewidth due to interface roughness. This one indicates that the accurate calculation for the contributions of the wave functions is important. The calculated results in our approach good t with the experimental results were done by Campman et al. [8] . Unlike opinion of Takeya Unuma et al [12] , we believe that the role of phonon scattering is not important in the very low temperature systems (see Fig. 4 in the Ref [12] , this gure shows that the value of Γop(E) (energy broadening due to LO phonon scattering) is very small, although the temperature of this sample is 300 K). The dashed curves show the absorption linewidths according to the way of Ando. The solid curves show the one according to our way. The intersubband absorption linewidth (Inter), the intrasubband absorption linewidth (Intra) and the e ective absorption linewidth due to interface roughness (IFR) are noted in the gure. The experimental absorption linewidths at low temperature are showed by solid circles [8] . The inset gure only shows the calculated e ective absorption linewidth with two ways. To clarify the role of the two transitions (intrasubband and intersubband) in two di erent approach, we plot the form factors versus the well width following Eqs. (2.5) and (2.21) in the Fig. 5 . Figure 5 shows the value of the transition form factors (F , F and F ). The values of those form factors are signi cantly di erent if we use two di erent ways to calculate. Their values also change following di erent trends, even in opposite direction.
At last, in Fig. 6 , we display the calculated absorption linewidths as functions of the roughness amplitude ∆. From Fig. 6 , we may conclude the following i) The absorption linewidth increases with a rise the roughness amplitude ∆. This means that increasingly roughness amplitude, the intrasubband transitions scattering intensity due to roughness interface is also increasing. The absorption linewidth is strongly dominated by the intrasubband transitions in the low temperature samples. ii) The calculated absorption linewidths by using our formula are larger than the calculated linewidths by using old way.
Conclusions
In summary, we have proposed a novel formula for calculation of the interface roughness scattering form factor in intersubband transitions. We have numerically calculated the absorption linewidth for the nondoping Al . Ga . As/GaAs square quantum well.
Our numerical results show that the interface roughness scattering absorption linewidth with the application of new form factor is twice as much as that of Ando. It may be better for explanation of the experimental results well-width dependence of intersubband optical absorption linewidth. We also recognize that the intrasubband scattering give a important contribution to the linewidth due to interface roughness. Our form factor formula may be applied successfully in calculation of asymmetric potential form and band bending e ect. 
